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Abstract We show that the equilibrium distribution for the dimer process on the finite Cay-
ley tree tends to a translation invariant limit as the size of the tree tends to infinity. The
same is true for the blocking process except when there is a phase transition, in which case
there are two limits, each a one-step translation of the other. We also find correlations for
occupation probabilities.
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1 Introduction

In this paper we consider two types of interacting particle processes on the finite Cayley
tree, where each vertex is either occupied (1) or unoccupied (0). In the first, called the
blocking process, particles leave (1 — 0) at a constant rate, while the rate at which they
arrive (0 — 1) depends on the number of occupied neighbours. One extreme version of the
blocking process is known as the hardcore model, where all neighbouring sites have to be
unoccupied for the particle to stick. In the dimer process particles can only move in pairs,
and thus may arrive at or leave neighbouring pairs of sites at a constant rate.

There are well known models similar to those described above, except in that particles
can only arrive but not leave. These processes necessarily terminate and are classified under
the heading of Random Sequential Adsorption (RSA). Some of the physics literature for
RSA is summarised in [2] and some of the mathematical in [8]. Renyi’s classical parking
problem is a continuous version of RSA in one dimension.
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If the rates of arrival are those of Glauber dynamics, then it is well-known that the block-
ing process possesses an Ising-type equilibrium which exhibits a phase transition [3, 7]. The
hardcore version is noted in [4] and the general case is treated in Chap. 4 of [1]. An extension
to irregular trees is given in [6].

The conditions for a phase transition are given in Theorem 5. It states that if the basic
rate of arrival is large enough, and the blocking by neighbouring particles strong enough,
a phase transition will occur. The method used is similar to that in [1], but our intention is
to interpret the phase transition in terms of the blocking model, and our formulae are not
readily extracted from his treatment, which uses the parameters of the conventional Ising
model. For the dimer model we show there is no phase transition.

The processes will be defined on the finite Cayley tree Tk(") , a tree radius n with the centre
having k + 1 edges, and all other vertices or sites having k + 1 edges except for those that are
distance n from the centre, which have one edge. The state-space is the set X of functions,
also called configurations, assigning the value 0 or 1 to each vertex. Since the processes
are Markov and the state-spaces are finite they converge to a unique equilibrium distribution
designated by P ™. For a given a set of sites A of Tk(") and a configuration € X, n* denotes
the restriction of n to A and a pattern 7 (A) is defined by a set of values 0, 1 assigned to the
sites in A. In other words, a pattern 7(A) can be identified with a function in {0, 1}4. The
probability of a pattern with respect to the equilibrium distribution is obtained as the sum of
the probabilities of compatible configurations. That is,

PO ((A) =Y Py sriay-

For a pattern w(A) on Tk(") we let n — oo keeping the position of the pattern relative to the
root. We show that, when there is not a phase transition, P™ (7 (A)) tends to a translation
invariant limit and that, when there is a phase transition, there are different limits as n — oo
through odd and even values, but that these limits are one-step translations of each other.

We further calculate correlations for both processes showing that they decrease geomet-
rically, in contrast to RSA where the decrease is as the reciprocal factorial of the distance.

The rest of the paper takes the following form. Conditions for phase transition in
the blocking process are given in Sect. 2.2, occupation probabilities and convergence in
Sects. 2.3-2.5, correlations in Sect. 2.7. Section 3 covers the dimer process with occupation
probabilities and convergence in Sects. 3.1-3.3 and correlations in Sect. 3.4.

2 The Blocking Process
2.1 The Blocking Process on Infinite Isotropic Bipartite Graphs

The vertices of a bipartite graph can be put into two disjoint sets each of which has its
neighbours in the other. We shall call these two sets odd and even. The blocking process 7,
is defined so that the arrival rate at an empty site is a decreasing function of the number of
occupied neighbours. Consider the transformation 8 on X, defined by 8(n)(x) = n(x), for
x even and B(n)(x) =1 —n(x), for x odd. The transformed process & = B(n,) is attractive
(see Definition 2.3 in Chap. II of [5]), since the rate from O to 1 is a non-decreasing function
of the number of occupied neighbours and the rate from 1 to O non-increasing. Note that
these rates are not the same for the odd and even sites.

Let §; be the configuration all occupied, 8, the configuration all empty and & the process
& starting from configuration §. Since & is attractive it follows, from Theorem 2.3 in
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Chap. III of [5], that “g‘f ! converges to the upper invariant measure v*, and “g‘f" to the lower
invariant measure v—. But §; in the & process corresponds to the configuration 8(8;) where
the even set starts all occupied and the odd empty for the n, process. Then nfj “Y must con-
verge to the measure u*(-) = vt (B(-)). On the other hand, §, in the & process corresponds
to the configuration §(8y) where the odd set starts all occupied and the even empty for
the 7, process, which on trees and Z¢ is clearly a one-step translation of 8(8;). Thus the
limiting measure = (-) = v~ (B(-)) is also a one-step translation of u*, in the sense that
= () = ut(z(-)), where 7 is the one-step translation. A phase transition occurs when the
occupation probabilities for the odd and even sites are not equal. We shall see this result
reflected in our analysis of finite trees.

Theorem 1 Let 1, be a blocking process on either a regular infinite tree or Z in which
the rate of arrival at an empty site is a non-increasing function of the number of occupied
neighbouring sites. Then the process converges from an initial state in which the even sites
are all occupied and the odd unoccupied.

In the theorem above, if the limiting measure is not one-step translation invariant, we say
that a phase transition occurs. Note that we do not require the limiting measures to be Gibbs.

2.2 The Blocking Process on Finite Trees

We shall consider a blocking process such that the rate at which particles depart (1 — 0)
is 1, and the rate at which they arrive (0 — 1) is A)A,, where r is the number of occupied
neighbours. Note that 1, > 1 means that occupied neighbours increase the chance of a par-
ticle arriving, A, < 1 that they are inhibitory and A, = 0 is the hardcore model. In the usual
notation for interacting particle systems the flip-rate is

C(x, 7}) = n(x) + (1 _ n(x)))\)"zzyeNx '7()’),

where N, = {y : |y — x| = 1}. These are the Glauber dynamics of an Ising model
and the equilibrium distribution has the probability of a configuration proportional to
) foceupied Si‘eskgmupwd PAT "where pairs should always be understood as pairs of neighbouring
sites. This is a Gibbs measure and would be written exp[K ) 0,0 + h ) o;] in the physics
literature.

Note that the connection between A, A, and K, & is not immediate because the o; take
the values —1, 1. o

We shall call pfoccupied sites ) #occubied PIS yyo wejoht of a configuration, and thus the proba-
bility of a configuration in equilibrium is its weight divided by the sum of weights over all
configurations, known as the partition function. The weight of a pattern is the sum of the
weights of the configurations compatible with it. Likewise, the probability of a pattern is
obtained by dividing the weight of the pattern by the partition function.

For a given pattern and each ry, r,, let n(ry, r;) be the number of compatible configura-
tions having r; occupied sites and r, pairs of neighbouring occupied sites. Then, the weight
of the pattern is given by erz n(ry, rz)A’IAEZ. Thus the problem resolves into counting
individual occupied sites and pairs of neighbouring occupied sites. The method used below
is very similar to that in [1], Chap. 4. The treatment in [4] is the case A, = 0.

Consider a finite rooted tree 7' and all subtrees Si, ..., Sy emerging from the root but not
including it. Let n (v, r2) be the number of ways S; can have r; occupied sites and r, pairs
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of neighbouring occupied sites, with corresponding generating function

Gi(s, 1) = Zn_i (ri,rp)s™t'"2.

ry,r2

Let n(ry, rp), with generating function G (s, t), be the number of ways T (the root and its
subtrees) can have r; occupied sites and r, pairs of neighbouring occupied sites, with the
values at the root and at its neighbours on the subtrees defined but otherwise the values at
the other sites left free.

Lemma 2 Let G and G; be as defined above. Then

k
G(s, 1) = s™0gmom HGj(S» 1),

j=1

where mo = 1 (0) if the root is occupied (unoccupied) and m; is the number of occupied
sites neighbouring the root.

Proof Standard arguments show that ]_[];.:1 G (s, t) gives the generating function for the
numbers of occupied sites and pairs of neighbouring occupied sites, ignoring the contribu-
tions from the root itself. The root contributes my = 0, 1 occupied sites and there are mom,
pairs of neighbouring occupied sites involving the root. O

Define R,i") to be the rooted tree with the root having k branches or edges, all other
vertices or sites having k + 1 branches except for those that are distance n from the root
which have one branch. All vertices are at most distance n from the root. Let P, (s, t) be the
generating function for the number of ways in which R,i") can have r; occupied sites and
r, pairs of neighbouring occupied sites when the root is occupied and let Q, (s, t) be the

3 : (n) . . .
generating function for the number of ways R, can have r; occupied sites and r, pairs of
neighbouring occupied sites, when the root is unoccupied. Thus, the probability the root is
occupied is

P,
Py+ 0y’
where P,, Q, are to be understood as P, (A, A2), O, (A, X2).

Lemma 3 For the blocking process on R )
Pop1 =200 P+ Q)" and  Quii= (P + Q)" eV

with Py =\ and Qo = 1.

Proof 1If there is a 1 at the root then r of its neighbours could be 1, k — r could be 0. The
root scores a single A, and for each neighbouring 1 we must add a pair of 1, each scoring
A2, so that

k
k
P =X AP OV = AP+ 00"
+1 §<r>2n n (X2 +Q)
With the root unoccupied, A, A, disappear from the equation. |
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Lemma 4 Let

A+ xF A1 = 1y)
foy= 2 s
Ao+ X Aoy + X
for x >0, and
PVl n
= it @)
)‘2Pn + Qn

where P, and Q, are defined in (1) and lo = f(1) = (1 + A)/(1 4+ AXy). Then

(1) 1, satisfies the recursion l,.1 = f(l,).

(1) If o < 1, f is strictly decreasing, (Io,+1) converges increasingly to l,qq and (ly,) con-
verges decreasingly to l,ye, . Also, the equation f(x) = x has a unique positive solution,
to be designated by [, such that l,qq <1 <leyen. If A2 > 1, f is strictly increasing and
the sequence (l,) converges decreasingly to | < 1, the unique solution of f(x) = x.

(iii) Let Ao = kF/(k — ). For each ) > A. there exists A5 € (0, 1) such that the blocking
model with parameters A and L, € (0, A7) has l,qqa <1 <leyen-

v) If X < Xy Leyen = loga =1. At L. = L. and Ay =0 the corresponding . = k/(k — 1).

Proof (i) From (1, 2) and the definition of f we obtain

)‘()VZPn + Qn)k + (Pn + Qn)k

Fn) = (M Py+ O + (Po+ O0)F bt

(ii) It is easily seen that f'(x) <0 and f(x) < f(1), for all x > 1, when A, < 1. Hence,
lo=fM) > fU) =l lo=f() > f(flo) =L and s = () > fo) =1

Using the inequalities for [y, /; and [, above, we proceed inductively to show that (I,,) is
decreasing and (l,+1) increasing. Assume that /5,1, < [, then, since f is strictly decreas-
ing, we have

btz = flong) > flon) =lonya,s

bnga = flony3) < fons1) = bny2
and
bnys = fonga) > f(lng2) = lanys.

Therefore, l5,17 < b, and by, 43 > lp,+1 hold for all n > 0.
We use next a double induction argument to show that

buy1 < lom, 3

for all m,n > 0. The n = m = 0 case was established above. If we assume 0, < l,,, for
arbitrary m, n, we have

Lns1 < bpyz = f(f (ons1)) < F(fUan)) = bomsa < lom,

since (/»,41) is increasing and (/,,) decreasing. Therefore, [, <[5, holds for all m, n > 0.
Convergence of (I5,+1) to lyyq and (l2,) to Iy, follow now from the monotonicity of the
sequences and inequality (3) implies loyg < leyen-

On the other hand, f is continuous, strictly decreasing and f(x) > 1. Then the fixed
point theorem guarantees that the equation f(x) = x has a unique root / such that 0 </ <
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fO) =45 I Finally, since [ < [; is equivalent to / > [, but /; < [y, we have necessarily that
[y <l <lpandhence, lp,.1 <l <b,,foralln >0, and l,30 <1 <l.yen-

When A, > 1, f(x) >0and f(x) < f(1) <1, for x < 1. Then, [y = f(1) > f(y) =1,
and [y = f(lp) > f(l;) =1,. It is shown inductively that (/,) is decreasing and hence con-
vergent to [ = f(I).

(iii) We show that under the stated conditions, the blocking model with parameters A, A,
has a repelling fixed point /, that is | f'(!)| > 1. Hence, the sequence of iterates /,,.; = f (/)
does not converge to [ and necessarily /sy < lopen- Notice first that

P XU e B W) el VS V1) Ll VP
T (g txbhr A1 — ) = Y PE

Given A > A., we solve the system of equations
fi =1 If'OI=1, )

for/ and A, in the region R = {(I, o) | k/(k — 1) <l < 1/X,,0 < A, < 1}. We verify in fact
that (5) has a unique solution (/,, A3) € R.
Using (4), the above equations can be written equivalently as

-1

lk
i = —(k—1—
T =gk 1=k, ©)

which, after some algebraic manipulation, are found to be equivalent to

k—1—k/1

_ gk _ _ —
A=k —1) = 1), M_ka—n—l

@)

Notice that [¥(k(I — 1) — 1) is increasing in I, then, since A > A, the first equation in (7)
has a unique solution /,, > k/(k — 1). The value of A] is obtained simply by plugging I, in
the second equation of (6) or (7). Uniqueness of (/,, A3) is clear from (7). Also, notice that
l, > k/(k —1) implies 0 < A5 < 1.

We consider now a blocking model with the same parameter A and parameter A, €
(0, 17). Let I be the corresponding fixed point. The fixed point equation applied to / and /,
yields

-1 K-
o=l 1=

Also, since I¥(I — 1) /(1 — Asl) is increasing in / and A,, inequality A, < A} implies

K- UG- _ta-1
T—iol, 1=, 1—xl’

which yields /, < /. Finally, notice that Fk—1—k /1) increases with [, therefore A, < A}
and [, < imply

Mo <=1k —1-k/L) <I*k—1-k/D).

This inequality is equivalent to A, + 1% < kI*~'(I — 1) which, using (4), implies | f'(1)| > 1,
so [ is a repelling fixed point.
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Table 1 Critical values

=2 k=3 k=4
» IS IS I
40 0.0 1.69 0.0 1.05 0.00
48 0.03 2.03 0.06 1.26 0.08
5.6 0.05 2.36 0.09 1.47 0.13
6.4 0.06 2.70 0.12 1.69 0.17
7.2 0.07 3.04 0.14 1.90 0.20
8.0 0.08 3.38 0.16 2.11 0.22

(iv) If L < A, we have | f'(I)| < 1, so the fixed point / is attracting or neutral and it is
not obvious that the sequence of iterates /,,; = f(I,) should converge to /. Noticing that
F(fUvaa)) =loga and f(f (Leven)) = loven, Wwe show below that if A < A, there can only be a
unique root of f(f(x)) —x and so, lpyqs =1 = l,yen-

Suppose a, b are such that f(a) = b and f(b) = a. Then, using the first form of the
derivative in (4) and then the second, we obtain

, yo kW a =17 b Kd N a1 ((1=1)
fla) )= Ora+a? b (M2+ak)(x+ak)< a—1 _k"’)’
so that
o k*(a — DA
@ f o < m7 ®)

for A, > 0. The maximum of the right hand side of (8) occurs at x such that A = x*(kx —
(k + 1)). Substituting back gives

fllf®) <

kxktl(x — 1) x

2 k
k*(x — DxFkx — (k + 1)) :k<k_ﬂ> -1
forx <k/(k —1). If A =k*/(k — 1)**! then x = k/(k — 1), so, since dA/dx > 0, for x > 1
in the above expression, A < k¥/(k — 1)**! implies x < k/(k — 1). Thus the derivative of
f(f(x)) — x is negative at all zeros and so there can be at most one of them and therefore,
lodd == leven~

Finally, at A = XA, and A, = 0 we have

O
The values of A3 are shown in Table 1 for different As, starting with A, = Kr/(k — DR+
2.3 The Convergence of the Probability at the Root on Tk(")

We define 7, to be the tree with radius n. It differs from R\ in that the root has k + 1
edges rather than k. Now all vertices have k + 1 edges except for those on the boundary
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which have 1. Calling the respective generating functions for this tree P,,T (s, t) and Q,,T(s, 1),
we have (omitting the s, t variables for the sake of brevity)

})11T+1 = )"()MZPn + Qn)k_'-1 and Q£+1 — (Pn + Qn)k+l~ (9)

Theorem 5 Let p(()") be the probability the central vertex is occupied on Tk(”). Defining I, by

the recursion
A+

Li=fl-)=—""F
f( l) )\’)\’24—[’/;_1

) ZOZf(l)’

we have
@
l,—1
() _ n
Po ln + ln—l —1- )"2111111—1 .

(i) If » < A then
) I—1
Po oy e
where [ is the unique solution of the equation | = f(I).

(iii) If A > A; and Ay < A5 there is a phase-transition in that ly, — leven, bny1 = loga, Where
laa’d <l< levem and

p(()zn) leven -1
P(()2n+l) loda' -1
Proof From (2) and (9)
w_ Pl A

Po =Py or T AT
Using the recursion we have A = ([, — l)lﬁ_1 /(1 —1,X,) and (i) follows. For (ii) and (iii) we
take limits. O

We shall see that when the phase-transition occurs, the ratio of occupation probabilities
for sites 2n steps from the boundary to those for sites 2n + 1 steps from the boundary tends
to (leyen — 1)/ (loaa — 1). The pattern will then be one of alternating rings of higher and lower
density.

2.4 The Convergence of the Probability at a Site on 7,"”

We calculate the probability that a site distance m from the root, say s,,, is occupied, m < n.
The path to s, is defined as the sequence of sites so, s, ..., S,, distances 0, 1, ..., m from
the root respectively. We designate by s,,+1 one of the neighbours of s,,, distance m + 1 from
the root.

It is easy to see that the generating function for the subtree rooted at s,,4; is Py—,—1, if
Sm+1 18 occupied, and Q,_,,—1, when s,,4; is unoccupied. Also, if U, designates the gener-
ating function corresponding to Tk(") , when the subtree rooted at s is excluded and the root
is unoccupied, then

Uy = (Pn—l + Qn—l)k-
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If Vi designates the corresponding generating function when the root is occupied, we have
Vo =10 Pamt + Qa1

More generally, if U,, is the generating function for Tk(") when the subtree rooted at s,,1; is
excluded and s,, is unoccupied, we have

Un = (Pocmt + Qo) Ut + Vi), (10)
When s,, is occupied, the corresponding generating function is given by
Vin = )\()‘-2Pn—m—l + Qn—m—l)k_l(Um—l + 22 Vm—l)-

Finally, if U and V, designate the generating functions when the subtree rooted at 5,1 is
included, we have

U,: = (Pn—m—l + Qn—m—l)k(Um—l + Vm—l)
= (Pyrom-1 + Qn—m—l)Um

and
an = ()»an,m,1 + anmfl)k(Umfl + )L2Vm71)
= ()\ZPnfmfl + anmfl)vm'
Putting
Um an
W, = 11)
U, + AV,
gives
Y
Wo= 2" = fl,_1) =1, 12
o E 4 Sur) (12)
and
= W+ A
W, — n—m—1 1+ (13)

" 1,11(_1 Wmfl +)L)\2 .

—m—1

Theorem 6 Let p\™ be the probability that a site distance m from the root is occupied.
Then,

@) X< e,
I—1
w_ 14
P = T e (14)
as n — o0.
(i) If A > Aeand Xy < A
pw — feven — 1 (15)

leven + lodd —-1- A'Zlevenlodd '

as n —m — oo through even values.
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(iii) IfA > A and Ay < A}

l dd — 1
w o 16
Pm leuen + ludd —1- )"ZIevenladd ' ( )

as n —m — oo through odd values.

Proof We use an inductive argument to show that, if A, < A} and A > ., W,, defined in (11)
converges either to l,ye, O lyyq, as n —m — 00, through even or odd values, for any m > 0.
The result for m = 0 follows from (12) and Lemma 4(iii). Suppose W,,_; converges to l,ye,
or l,qq as n — (m — 1) — oo through even or odd values. Then, from (13), if n —m — oo
through even values, W,,_; — [,44 and

W s lf;;lodd-i-k

m I f(ladd) = leven- (17)
15 loda + Aa

Analogously, if n — m — oo through odd values, W,, — l,44.

On the other hand, if A < A, we have from Lemma 4(iv), I = l,44 = leven SO that W, — [,
as n — oo, for all m > 0.

Notice that

Va Vin Vin/ Un

o _ - = . 18
P U;:, + Vnt Umln—m—l + Vm ln—m—l + Vln/Um ( )
Also, from (11), V,,/U,, = (W,, — 1) /(1 — A, W,,). Replacing in (18) we obtain
W, —1
Py = (19)

Wm -1+ (1 - )"ZWm)lnfmfl '

(1) As n — o0, [,,_,—1 and W,, converge to [, so, using (19), convergence (14) follows. For
(ii) and (iii), using again (19) and letting n — m — oo through even or odd values, (15) and
(16) follow. O

2.5 The Convergence of the Probability of a Pattern on Tk(")

We shall now show that the probability of any pattern has a limit as n — oo through even
values and a possibly different limit as n — oo through odd values.

We consider a set of sites A in Tk("), which remains fixed as n grows. We recall that a
pattern 7 (A) is defined by a function from A to {0, 1}. Let T, denote the subtree of 7,
consisting of all sites distance <m from the root. Clearly, for any A, there exists m such that
A is contained in Tk('") so the probability of a pattern 7 (A) can be obtained by adding the
probabilities of patterns n(Tk(m)) whose values on A coincide with those of (A). Hence,

the asymptotic behavior of P (1(A)) follows from that of P (z(T,"™)).
Next we prove two technical lemmas.

Lemma 7 Ifro+ry =k™, then
W Py
Qn+m + Pn+m

converges, as n — oo through even or odd values.

(20)
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Proof For m = 1, dividing top and bottom by Q* in (20) gives
(Pu/ Q)"

. 21
Qn+l/Q§+Pn+l/Qﬁ ( )
From (1) and (2) we obtain
_ k _ k
ﬁ _ ln 1 , Qn+1 _ (Pn + Qn) _ [ln(l )\Z)i| ) (22)
Qn 1— )\2ln Qﬁ Qﬁ 1- )"ZZn

Hence, by Lemma 4, (21) converges to possibly different values, as n — oo through even or
odd values.

We reason inductively to show the assertion is true for all m. Assume it is true for m
then, for ro + r; = k™+!, there exist a, b, ¢, d such that ry = ak™ + b, r; = ck™ + d, with
b+d=k"anda+c=k—1, giving

:l‘() P';" anl a Pkl'Vl c
Qn+m+1 + Pﬂ+m+1 B [Qn+n1 + PrH—m:I |:Qn+m + Pn+m]

X |: ZPI? :| |: (Qn+m + Pn+m)k ]
Qn+m + Pn+m Qn+m+l + Pn+m+l

The first three brackets have limits by the induction hypothesis and the last, from (1) and
Lemma 4. 0

Lemma 8 Ifro+r, = (k+ 1)k, then
ZOPI/L”
Qr{-#m + Pnz-‘km
converges, as n — 0o through even or odd values.
Proof Let fy, go, f1 and g be such that fo + go =710, f1 + 8 =r1, fo+ fi =k and
8o+ g1 =k""! then,
0 p’l fo ph 80 pa&l
Qn Pn _ [ Ql‘l Pl‘l ] [ n PI ]
T + PT Qn+m + Pn+m Qn+ln—1 + Pn+m—l

n+m n+m
(Qn+m + Pn+m)(Qn+m71 + Pn+mfl)
X .
Z+m + Pn]:l—m

The first two terms on the right converge by Lemma 7. From (1) and (9), the last term can
be written as

Qn+m . (1 + Pn+m/Qn+m)(1 + Pn+m—l/Qn+m—1)
]:L+m—l )\(1 + )"ZPrH—m—l/Qn+m—l)k+] + (1 + Pn+m—l/Qn+m—1)kJrl
and convergence follows from (22) and Lemma 4. 0

Theorem 9 Let w(A) be a pattern associated to a fixed set of vertices A in Tk(”) , then

lim PP (z(A)) and lim PP *D(x(A))
n—oo n—oo

exist.
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Proof Assume A is contained in Tk('"), for some m, so it is sufficient to prove the theorem
for n(T,fm)). If there are ry 0’s and r; 1’s on the boundary and if n; is the number of internal
occupied sites and n, the number of occupied pairs of neighbouring sites, at least one of
which is internal, then

W (o (7. won P
P n (7T(T m )) — knlknz n—m* n—m ,
k 2 Q,{ + P,,T
which, by Lemma 8, tends to a limit as n — oo through even or odd values. |

We study the ratio of probabilities of a pattern and its translated image. A translation of
Tk(r) through distance m, m 4+r < n, is a transformation on Tk(") mapping the root to any site
distance m from the root and preserving all neighbourhood relations of Tk(’). The translation
of a pattern n(Tk(’)) is defined as the pattern n(Tk(’) + m) induced on the translated tree
T,fr) + m. That is, the 0,1 value of any given site on Tk(r) is equal to that of its translated
image.

We shall consider a particular pattern n(Tk(’)) in which all the outer (boundary) sites are
unoccupied.

Lemma 10 [f the pattern JT(Tk(r) ) has all sites on its boundary unoccupied, then the weight
(generating function) of n(Tk(r) + m) is given by

D= 2508, O O T 08T, U, (23)

n—m—r Zn+2—m—r =n+4—m—r n—m+r—2

form >r, and

e anp 2 Ak (k=1k"=2 k1)K 3 (k—1)k" =" jr=m

Fm =A )‘2 Qn—m—r Qn+27mfr Qn+47m7r e Qn+m7r72 QVH—m—r’ (24)
for m <r, where n is the number of internal occupied sites and n, the number of internal
occupied pairs of sites.

Proof Let sy be the root of Tk(") and sy, ..., s, the path from s to s,,, which is the root
of Tk(r) + m. We follow the same line of reasoning of previous subsections to derive the
generating functions. We notice here that internal sites contribute if they are occupied. The
remaining contribution depends only on the (k + 1)k boundary sites of Tk(r) + m, which
have to be considered according to their distances from sy.

When m > r, the number of boundary sites distance m + r from s, is k" since there
are k edges emerging from s,,, with k! boundary sites each. One step back we are on
Sm—1, from which (k — 1) edges emerge, with k2 boundary sites each. Hence, there are
(k — 1)k"? boundary sites, distance m — 1 +r — 1 =m + r — 2 from s,. Further back to s,
we find that k — 1 edges emerge from s;, i < r, with k" ~~! boundary sites each. So, there are
(k— 1)k"~'~! boundary sites, distance m +r —2i from s,. Finally, there is only one boundary
site distance m — r from sq. (We note that k" + (k — Dk 2+ -+ (k— 1)+ 1= (k+ Dk L)

The contribution of internal sites to the generating function is A"'152. The term due to
outer sites distance m +r — 2i from sg is Q,(lk:(,ln)]j;_‘;i]), i <r — 1, since they are unoccupied.
Finally, the contribution of the single site distance m — r is U, (see (10)), since the sit-
uation corresponds to the exclusion of a subtree rooted at s,,_,; and s,,_, is unoccupied.
Collecting terms we get (23).
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The case m < r is analogous, the difference being that now s is in Tk(’) + m. This implies
that boundary sites are distance at least r — m from sy. For i < m, the number of boundary
sites distance m + r — 2i is, as before, (k — 1)k"~**! but, for i = m, it turns out to be k" ~".
For the generating function we proceed as above, except that all terms due to boundary sites
are of the Q type. Formula (24) is obtained by collecting terms corresponding to inner and
outer sites. O

Lemma 11 Let N(Tk(r)) be a pattern with by occupied and by = (k +1)k" ™' — b, unoccupied
boundary sites. Let p,, =T,/ Ty be the ratio of weights as the center moves from m to
m + 1. Then

() pm — LPOMP asn —m —r — oo through even values, and
(i) pm — L™PM~ as n —m — r — oo through odd values,

where
_ l/leven - )"2
1/ loga — X2

1 - l/leven

and M=—122"
1 —1/laa

(25)
Proof We consider first the case with b; = 0 occupied boundary sites. Notice that, form > r,
k! X (=DK% = (k—1)k"=3
_ |: anmfr ] |: anmfr ] |: n+2—m—r ]
plﬂ - - ce
n—m—r—1 QrH—l—m—r Qn+3—m—r

k (k=1)
Ui,
x |: n—m+r—4:| Qkfl (26)

n—m+r—2 .
Qn—m+r—3 Um+l—r

For the first term of p,, above we have, from (22) and Lemma 4,

kr—l k" V'
n—m-—r I—-2 ln—m—r— I—A la
Qk _ ¢ 2) [ ¢ Doaa ’ 27
11— )“21}1—7‘71—7‘—1 1- A'Zlodd

n—m—r—1

as n —m —r — oo through even values. For intermediate terms

_yr—i—2 _kr—i-l
Qﬁ—(m—}—r—Zi) (k=Dk N 1— )‘-ZIeven (k=Dk
(1 - )\‘2)16’1)(‘" '

as n —m — r — oo through even values, i =0, ..., r — 2. Finally, for the last term we have

— Um—r Pn—m+r—2 k= Vm—r
Ny |
=2 Um7r+1 Qn7m+r72 Umfr
From (22) and Lemma 4, the first bracket above converges to (1 — A2)leyen /(1 = Aplppen))* !
as n —m + r — oo through even values. For the second we use (11) and (17) to obtain

(28)
an(m+r72i)+l

Vm—r (1 - )\2) Wm—r (1 - )‘Z)Ieven
= —

1 =
- Um—r 1- )"ZWm—r 1- )"Zleven

) (29)

as n — m +r — oo through even values.
Collecting limits from (27), (28) and (29), we obtain

Pm —> |:(] — )“2)loddi|kr |: 1 — Aaleven i|kr _ |:lodd 1 = Aoleven i|kr =LF

I— A-Zladd (1 - )‘-Z)Zeven leven ' 1- AZIadd
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as n —m +r — oo through even values. Now, if we take into account the b; occupied
boundary sites, some Q or U terms in (26) have to be replaced by P or V terms. To this
end, correcting factors are introduced and their limiting behaviour characterized.

When a boundary site distance m + r — 2i from the root is occupied, then the correcting
factor in p,,, fori <r—1,m >r,is

Pn—m r—2i n—(m+r—2i)— leven_l 1_)"10( —
mtr=2i)  Qn—mir—2i)-1 oad _ pry 1. 30)

Qtzf(m+r—2i) Pn—(m+r72i)—l 1- )VZIeven lodd -1

as n —m — r — oo through even values. The limit follows from the first formula in (22).
If the site distance m — r is occupied (m > r), the correcting factor is

Vm—r Um—r-H leven -1 1 - )"2101111

N =ML, 31)
U, Vm—r+l 1- A-Zleven lodd -1

as n —m — r — oo through even values. The limit follows from (29).

Results (30) and (31) show that in the limit, the global correcting factor for p,,, corre-
sponding to b, occupied boundary sites is (M L~")*1 and convergence (i) follows. For (ii)
notice that /,;4 and [,,,, are interchanged when n —m — r — oo through odd values.

When m < r, the result is the same since (k — Dk’ '+ -+ (k— DK™ + k""" =k".0O

Theorem 12 Consider a pattern n(Tk(r)) that has by occupied and by = (k + Dk'™! — b,
unoccupied sites on its boundary, then, as n — 0o,

r 1 if m is even

PO (1" ’ ’
L(—:m)) — {1 R7', ifmisodd and n — r takes even values,
PO@@) R, if m is odd and n — r takes odd values,

where R = LY M"' and L, M are defined in (25).
Further, for fixed A, my, m,,

lim P"(x(A)+m,) = lim P"(x(A)+ m,),
np—00

ny—00

when ny, n, — 00 in such a way that ny — m and n, — my always have the same parity.

Proof Note that

m—1

PO 4m) PO 4T+ D) T
PO ((T")) o PO (T + j)) =0 !

m—1

If m is even and n — r — oo through even or odd values, p, ' ---p, ', converges either to
(R'R)---(R"'R)=1o0r (RR™Y---(RR™"Y)=1.If m is odd and n — r — oo through
even values, then the limit is (R™'R)--- (R"'R)limp,,', = R™. Finally, if m is odd and
n —r — oo through odd values, the limit is (R™'R)---(R"'R)limp,, , = R. The last as-

sertion follows from Theorems 6 and 9. O

The last line of Theorem 12 shows that it is essentially the parity of the distance from the
boundary that determines the distribution at the centre.

@ Springer



J Stat Phys (2008) 130: 935-955 949

2.6 The Markov Property

We recall that a configuration 7 is a function assigning the value O or 1 to each site of Tk(”) .

Theorem 13 [f a site s, in Tk(") is distance r from the boundary, and s,, S, 11, Sy125 + - s Sram
form a chain of neighbouring sites with each s; distance | from the boundary, then, for
n; €10, 1},

PP ((s) = 1n(srs1) =014 oo NSrim) = 1) = PP (0(s0) = 1n(s,41) = m),
with
PO (s, = 1) = m) = (1 — ) - Pl = 1)
Sr = Sr = = —_ .
n nSr+1) =1 m =i, m -
Proof Observe that the pattern with n(s,) =1, n(s,41) =01, - - ., N(Sy1m) = Ny differs from
that only requiring 7(s,+1) =11, ..., 7(Sr4m) = N in that one of the branches from s, is

no longer free but must start with a 1. Since s, is distance r from the boundary and n; =0,
then, instead of weight P, + Q, for paths from s, along that branch, we have P,. So, the
ratio of probabilities (or weights) is P./(P, + Q,) = ([, — 1)/(1 — Ap)l,. If n; =1, then,
instead of A, P, + Q, for paths from s, along that branch, we have A, P, and the ratio of
probabilities is A, P, /(A P, + Q) = A (L, — 1) /(1 — 1) O

2.7 Correlations

‘We calculate the correlations on Tk(”) between 7(sy) and n(s,,), where sy is the root and s,,

a vertex distance m away. Let

P’ =PV =1, pif’ =PV (i) =1.n(s)=1) and

(n) (n)
Pow — Po P

\/pé")(l - pé"))\/pﬁf)(l - )

the correlation between 1(so) and 1 (s,,).

corr™ (n(s0), n(sm)) = (32)

Theorem 14 Consider the blocking process on Tk(") . Then corr™ ((so), n(s,)) converges
to rpy, as n — oo, with

=2 leuen leven -1 1—A lo lo —1 m/2
( 2even)( ) ( 2load) Loda ):| ’ (33)

Im = (_1)m [
(1 - )‘-Z)Zeven (1 - )‘-Z)Z()dd

when Ay <1, and

_ [(?le ¢! —D]m
= T L = DI ’

when Ay > 1.

Proof We first consider the case A, < 1. Define u,(,’,’) = PD((sn) = 1nso) = 1) =

P/ pS”. Then, from Theorem 13, we have u” = 1 and
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u®™ = P (n(s,) = 1n(sm_r) = Du'”

m—1
+ PO ((sp) = 1n(sp1) =0)(1 —u,

Mli—m — 1) Lim — 1
(n) 2Un—m (n) n—m

= e —— 1 — e -

=1 1—X; * umil) (I =2l

- _umi]anfm + Ianm;
with

(1 - AZIll—m)(ln—m - 1) ln—m -1

Op—m = s ,Bn—m =
(1 - )‘42)171—"1 (1 - )"Z)In—m

From Theorem 9, ufg’) has limits (possibly different) as n — oo through even/odd values.
Let u,, be the limit as n — oo through even values. Then, from Lemma 4,

Uom = —Udm—1Ceven T ,Beven and Udm—1 = —U2m—20odd + ﬁ()ddv
S0,

Uom = U2(m—1)XoddXeven — ,Buddaeven + IBevem

The above recurrence can be solved to yield

u — (1 p ) |:(1 - A'Zleven)(leven - 1) (1 - A‘Zlodd)(lodd — 1)i|m »
2m — — Po ..
(1— )Lz)leven (11— )“Z)lodd
where po :=1im p{” = (even — 1)/ Ueven + loaa — 1 — Aalevenloaa), as n — oo through even
values.

Since py,, :=lim pg'n) = po, as n — oo through even values, (32) yields

n (u2m - pZm)pO
corr™ (1(s0), 1 (s2m)) = —————

Po(l — po)
_ |:(1 - )\ZIEUen)(leven - 1) (1 - )\‘210(161)(10(1(1 - 1)i|m
(1 - )\Z)Ieven (1 - AZ)lodd .

In a similar fashion, the above steps can be repeated to obtain
(U2m+1 — Pamt1) Po
Vol = po)v/Pam+1(1 = pam+1)

— |:(1 - )\ZIeven)(leven - 1) (1 - A'Zlodd)(lodd - 1)j|m+1/2
(1 - AZ)leven (1 - )\2)luda’ '

corr™ ((s0), n(S2m+1)) —

as n — oo through even values.

Combining these results and noticing their symmetry in Iy, loaq, S0 that they do not
depend on whether n — oo through even or odd values, we obtain (33).

When 1, > 1 all correlations are positive. From (32) and Lemma 4, we have [, — [ and

Um = Pm) _ [(Azl -1Q —l)]’”
(1 = po) (A — 1 :

corr™ (1(s9), n(sm)) — 0

We note that the decay of the correlation is geometric whereas in the RSA models, the
decay goes as 1/m!.
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3 The Dimer Model

In the dimer model pairs of particles arrive at empty pairs of neighbouring sites at rate A
and are removed at rate 1. The analysis follows that of the blocking process with the same
notation.

The probability of a configuration is proportional to A*imers Tf the root of R,E") is not
occupied, then there is no restriction on placing dimers on the k subtrees. If the root is
occupied, then there must be a dimer occupying the root and one of the k neighbouring
vertices. This vertex is adjacent to k rooted trees each of size n — 2. On the k — 1 other
vertices no restrictions are placed. Thus,

Lemma 15 For the dimer process on R,E")

Q1 = (Qn + P)* (34)

and

Poi1 =kM(Qu + P N (Quot + Pac) = k20, (Qu + P (35)
On Tk(")

Or =Qu+P)"*" and Pl =+ 1Dr0,(Q,+ P (36)
Lemma 16 Let

kA P,
fx)= m, x>0, and I[,= Z,

where P,, Q, are defined in (34) and (35). Then

(1) 1, satisfies the recursion l,,.1 = f(l,).
(ii) The sequence (1) converges tol < 1, the unique solution of f(l) =1.

Proof Assertion (i) follows from 41 = k1 Q,(Q, + P.)*'/(Q, + P)* =kr/(1+1,). For
(i) notice that, since f is continuous and decreasing, the fixed point theorem implies that
f(x) = x has a unique solution /. Besides, | f'(x)| =kA/(14+x)?and | /()| =1/(1+1) < 1
so [ is an attracting fixed point. Also, since | f'(x)| < 1 for x > vkx — 1 and I[p = 0,1, =
flo) =kr > Jkx —1, the sequence (/,,) converges to the fixed point /. O

3.1 The Convergence of the Probability at the Root on Tk(")

Theorem 17 Let p(()") be the probability the central vertex is occupied on Tk(”). Then

(n) (k + l)ln (k + 1)l
po = —_ ,
k+ (k+ 1, k+ (k+ 1)l

as n — 0o, where l = (/1 +4kA —1)/2.

Proof From (36) we have

p(n) — PnT — (k+ I)AQn—I(Qn—l +Pn—1)k
O T QT+ PI T (Qut + P )M (k+ DAQ,-1(Qut + Pup)®
Ak +1) k4D,

Tl b tak+1)  k+k+ DI,
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Convergence follows from Lemma 16(ii) and the value of / is obtained as the unique positive
solution of equation I 4+ — kA =0. O

3.2 The Convergence of the Probability at a Site on 7,

Because (/,) has a unique limit point many of the complications of the blocking process
do not arise for the dimer model. However, some difficulties emerge owing to the dimers
occupying pairs of sites. As in Sect. 2.4, we consider a site s,, distance m from the root.
The path to s, is the sequence of sites sg, 51, ..., S, distances 0, 1, ..., m from the root
respectively. We designate by s,,,; one of the neighbours of s,,, distance m + 1 from the
root.

We consider several generating functions and give recurrence relations among them. Let
A,, be the generating function when the subtree rooted at s,,,1 is excluded and s,, is unoc-
cupied; B,, is the generating function when the subtree rooted at s, is excluded and there
is a dimer at s,,_1, s,; Cy, is as B,, but the dimer is at s,,, 5,,+1. Finally, let D,, be as C,, but
the dimer is at s,,, S,,+1, where 8,41 7 ;41 is another site distance m + 1 from the root.

Putting S,, = P,, + O, we then have the following recurrence relations:

Ap =S (Au_i 4 Buei + D),
Bm = Sk_l Cm—lv (37)

n—m—1

Co =S A Ap_i + Buoi + D),

n—m—1

D,y =82 Qum-itk—DA(Ap_i + Bui + Diei).

Further, using a superscript * to indicate the generating functions when s,,; is included, we
have:

A;kn = AmSn,mfl 5 B;:l - Bmsnfmflv
(38)
C;; = Cm anm—ly D;; = Dmsnfmfb

Theorem 18 Let p™ be the probability that s,, is occupied and q\™ the probability of a
dimer at $,,, Syy+1. Then

[

w_, (k+ 1)l
k+(k+DI

" k+k+D0

where | = (v/T+ &ka — 1)/2.

and q,(n”) —

Proof From Lemma 16 and relations (37, 38), we have D}, = (k — 1)C;; and

C, + D Cm Qn—m—l kA
= =k = =lm. 39
A;; AmSnfmfl 1 +ln7m71 i ( )
Also,
B;; . By, _ Chq

A;kn B Am - Amfl + Bmfl + Dmfl

A
(40)

T 1+ By /Ao + k= DAL+ bym1)
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and
B ASk
Al Sh kG S,
A A l l
- - =2, 41)
1+kx/A+1,-) 1+1, k k
as n — oo. Using (40) and (41), an inductive argument shows that
B, l 42)
—_— % f—
An k’
as n — oo. Finally, from (39), (40) and (42), we have
(n) Bljl + C::l + Djn
p =
" A + B} +Cr + D
By /AL A+ N (k+ 1)
1+ By /AL A lw kDI
as n — 0o, obtaining the same asymptotic probability as at the root.
Similarly, for the probability of a dimer at s,,, 5,11, we have
@ cr l/k l
q = — = .
" AL+ BE+ChLADE 11k k+(k+ 1)
which is 1/(k + 1) times the probability s,, is occupied as would be expected. 0

3.3 The Convergence of the Probability of a Pattern on 7,""

The rest closely follows Sect. 2.4. We shall indicate where the treatment differs. Lemmas 7
and 8 and Theorem 9 remain the same. Equation (23) in Lemma 10 has A,,_, in place of
U,,—,. In expression (26) for p,,, all terms except the last one remain the same. It is

k—1
Qo2 AA’""" = ik”:f"“‘z y +2’"" s (43)
m+1—r n—mr_2 Am—r m—r m—r
1 1 1
T DT 4 ey T D
using (37) and (42).

If we now substitute for Os on the boundary 1s which belong to dimers which lie within
T,fr), then the only change to (43) is substituting C,,_, in place of A,,_,. Since C,,/A,, =
Cu+1/Am+1 = X, the result is not changed. Similarly, if we now substitute for Os on the
boundary 1s which do not belong to dimers which lie within 7", then we substitute terms
like Pn—m—r for Qn—m—ra bUt’ since in the limit Pn—m—r/Qn—m—r = n—m+1—r/ Qr1—m+1—r
and B,,/A,, = Biu+1/An+1, the ratio does not change when the pattern is displaced.

Theorem 19 In the dimer model, if w(A) is a pattern fixed relative to the root then, for
all m,

lim P™ (7 (A)) = lim P™ ((A) +m).
n—o00 n—>0oo
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A process which superficially looks like the dimer model is the Double Flipping Process
(DFP) in which the only flips allowed are 11 — 00 at rate b and 00 — 11 at rate a. It
is shown in [9] that, if the initial measure is translation invariant, the process converges
to the product measure with density /a/(y/a + ~/b). The difference can be seen in the
following transitions 0000 — 0011 — 1111 — 1001, allowable in the DFP but not in the
dimer model.

3.4 Correlations

We calculate the correlation between 71(sg), 17(s,,) in the limit, as n — oo, using the same
notation as in Sect. 2.6 for the blocking process. We condition on 7(sg) = 0. There are
then three possibilities for s; along the path leading from s to s,,. It can be unoccupied
(n(s1) = 0) or it can be occupied by one end of a dimer along the path to s,, or it can be
occupied by one end of a dimer not along the path to s,,, both of the latter possibilities having
n(s;) = 1. In general if there is a 0 at position s,, then the generating function for the subtree
rooted at s, is P,—,—1 + Q,—,—1, whereas if there is also a 0 at s, itis Q,_,_1, so that
P(")(H(Sr+1) =0[n(s,)=0)=Qu1/(Pier—1+ Qnr—1) > 1/(I + 1), as n — oo. Given
n(sy,+1) = 1, the probability is 1/k that the dimer lies along the path to s,,, (k — 1)/k that
it does not. These conditional probabilities are the same if 1(s,) = 1 and the dimer which
covers s, does not cover s,;. Thus, as we move from the root to s,,, we have a regeneration
point wherever there is either a 0, or one end of a dimer with the other end not on the path,
or the second end of a dimer which lies on the path.

Theorem 20 For the dimer model on Tk(”), corr™ (n(so), n(s,m)) converges to r,,, as n — oo,
with

1 —l m—1
=k DA D) (k(1+z)) ’

form > 1.

Proof Let Py denote the asymptotic probability measure for the dimer model, conditional
on 7(so) = 0, thatis, Py(-) = lim,,_..c P ([1(s0) = 0). Let , = Py(n(s,) = 0) and ¢, = Py
(s, is a regeneration point). Then, clearly go = 1 and

1
T 141

T Gr-1; (44)
for r > 1, since the (limiting) probability of having a O right after a regeneration point is
1/(1 41). Of course, if s,_; is not a regeneration point, 1(s,) = 0 is impossible.

On the other hand, s, is not a regeneration point if and only if s,_; is a regeneration
point and s, is the beginning of a dimer lying along the path to s,,. In terms of conditional
probabilities we have

[
T

From (44) and (45) we obtain the recursion

—q (45)

1 l
=—— - ——7
I+1 k(A+D

Tty r—1»
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with 7y = 1/(1 +[), which is readily solved to yield

nr_—<1 — (7l>r)’
k+(k+1)l k(1+l)
(’l)

for r > 1. Finally, from Theorems 17 and 18, and formula (32), we have py :=lim,_.o p; =
lim, o pi = (k + DI/(k + (k + DI) and corr™ (n(so), n(sm)) = corr™ (1 — n(so),
1 —n(sy)) = 1y, with

7w (1 = po) — (1 — po)?
(I = po) po

_mm—(=p) _ k ( —1 )’"
B Po T k+ DIk +D)

'm =

O
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